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Market microstructure studies the price formation processl how this process is affected by the
organization of the market. The main objective of this papdo understand how trade sizes affect the
price formation process dynamically within an environm&here traders can choose from multiple trade
sizes.

There are two standard reference frameworks in the markasiiucture theory. One is the con-
tinuous auction framework, first developed by Kyle (1985heDther is the sequential trade framework,
introduced by Copeland and Galai (1983) and Glosten andriiig(1985). In the Kyle framework, the
asset orders are submitted first then the asset prices aamdehade public, whereas in the sequential
trade framework the prices are announced before the ordersuamitted. Both frameworks are suffi-
ciently simple and well-behaved and they easily lend thérasdo analysis of policy issues and empirical
tests! Although most markets are organized as in the sequenti treodels, these models tend to be less
tractable than the Kyle model, as Back and Baruch (2004 )t oit?

In this paper, we adopt the sequential trade framework tystiue relationship between price, trade
size, and information. Sequential trade models consideketawhere a risky asset is traded between
a market-maker, strategic traders, and liquidity trad&isst, the market-maker, who is not informed of
the risky asset payoff, quotes the bid and ask price. Théwered strategic trader or a liquidity trader
arrives at the market in a random manner. The liquidity tradeading motive is not related to the risky
asset payoff at all. Whereas the strategic trader has iafitomon the risky asset payoff, hence her trades
reveal information. In the model of Copeland and Galai (39832 risky asset payoff becomes public
information after each trade. In the Glosten and MilgromB8&)9model, trading goes on for many rounds
before the risky asset payoff is made public. Thereforeldtter allows us to see how price compounds
information over time. Glosten and Milgrom also show tha Hid-ask spread declines in expectation,
and that the spread eventually vanishes almost surely amithber of trading rounds tends to infinity.

One of the simplified assumptions in Glosten and Milgrom )98 that traders can only trade one

1See Madhavan (2000) and Biais, Glosten, and Spatt (2008xfensive surveys of the literature.
2In a continuous time setup, Back and Baruch (2004) show teaeguilibrium of the Glosten-Milgrom model is approxi-

mately the same as the equilibrium of the Kyle model, whertrdde size is small and uninformed trades arrive frequently



share at any given period. Easley and O’Hara (1987) extemthsten-Milgrom model by allowing for
two trade sizes: one small and one large. By doing so, theydkieally justify the empirically observed
phenomenon that block trades are made at “worse” pricesstinaii trades. However, Easley and O’Hara
(1987) mostly focus on the static characterization of éoyiilm prices and spreads.

Our analysis extends the analyses by Glosten and Milgro®5)1&nd Easley and O’Hara (1987) in
two directions: time and trade size. We extend Glosten arldrbfin’s model by allowing for multiple
trade sizes for traders to choose from. Also, in comparisoBasley and O’Hara, we are not confined
in our analysis to two trade sizes, thus we focus more on tieeté@mporal equilibrium dynamics. In our
model, both trade sizes and trading rounds can vary.

Our model generates several results related to how tradeaffiects the intertemporal dynamics of
informed trading strategies, bid-ask spreads, and infbomaevelation. First, consistent with empirical
research (e.g., Hasbrouck, 1988, 1991; Algert, 1990; Maathand Smidt, 1991; and Easley, Keifer, and
O’Hara, 1997), informed traders are more likely to submigdaorders. In each period there is a positive
cut-off trade size for the informed trader, who observes tha risky asset payoff is high. She assigns
no probability to purchasing amounts below this trade sibilenassigning positive probability to each
trade size above the cut-off. The situation is symmetrictligrinformed trader, who observes that the
risky asset payoff is low: there is a positive least amouat e sells with positive probability, and she
assigns positive probability to selling each allowed anigueater than this cut-off. The bid-ask spreads
exist only in the trade sizes where informed trading is abersd probable by the market-maker. The
cut-off trade sizes for the informed traders can decreasetoue, and small trade sizes initially with zero
bid-ask spreads can later have positive spreads. Also,cioréavith the asymptotic results of Glosten
and Milgrom (1985), our model predicts that the market-ma&arns the true risky asset payoff almost
surely as the number of trading rounds tends to infinity, &ad the bid-ask spreads vanish in the limit.
Finally, our work yields results on the intertemporal dymesrof bid-ask spreads and transaction prices.

If the probability of an informed trader arriving in the matks sufficiently high, then the bid-ask spreads

3Easley and O’Hara (1987) employ a model with a richer infdiomestructure (compared to the Glosten-Milgrom model and

ours), which makes the analysis of intertemporal equiliridynamics more difficult.



tighten over time within the domain where both informed paging and informed selling are deemed
probable by the market-maker. On the other hand, the bidasads temporarily widen within the same
domain provided that the probability of an informed tradeiviang in the market is sufficiently low and a
large order execution has moved the market-maker’s postegiief on the asset payoff towards certainty
in the previous period. We further show that the price imfaxt a function of trade size, is increasing and
exhibits (discrete) concavify. This non-linear, concave relationship between price irhpad trade size
has been documented in several empirical studies (segAlygrt, 1990; Hasbrouck, 1991; Hausman, Lo
and MacKinlay, 1992; Kempf and Korn, 1999).

Our model provides a richer framework for empirically stumythe relationship between trade size
and intertemporal price formation: the equilibrium is désed in closed-form, and our theoretical re-
sults generate testable hypotheses concerning the dymapéct of order flows on bid-ask spreads and
transaction prices. However, our model also has limitatitthvat should be addressed in future studies.
In particular, as in Glosten and Milgrom (1985) and Easley @Hara (1987), this model assumes that
traders re-trade with probability zero. If re-trading wetlowed, then informed traders would presum-
ably attempt to camouflage their information by spreadiriy tthades over time. For instance, in a model
where informed traders endogenously determine whethestdome-trade, Back and Baruch (2007) show
that informed traders randomize across all trade sizes.h®wther hand, in an extended version of the
Easley-O’Hara (1987) model with endogenous re-tradingapB€1990) shows that, even when a large
order can be broken up into a sequence of small orders, isfbtraders may still optimally submit large
orders. It needs to be seen to what extent the issue of rexgradfects the implications of our existing
model concerning dynamic impact of order flows on spreadgramdaction prices.

This paper presents a theoretical depiction of quote-drmarkets with competitive market-making,

as is the case in Glosten and Milgrom (1985). NASDAQ StockKdaand London Stock Exchange’s

“Price impact is the absolute value of the price change causétk latest trade.
®Using a financial market model based on Kyle (1985), Dridi Gedmain (2004) show that the impact of order flow on prices

is non-linear. This result is similar to ours, however weaittthe non-linearity of price impact with a very basic infation
structure, whereas Dridi and Germain (2004) need to empkypaisticated structure where informed traders receingreaks

that perfectly reveals the direction but not the exact arhofithe risky asset payoff.



SEAQ are quote-driven markets with competitive market-maki@BOE, one of the world’s largest
options markets, is also quote-driven and operates withpetitive market-makers. Other quote-driven
markets include the eSpeed government bond trading systdria Reuters 3000 foreign exchange trad-
ing systeny.

It should be noted that, with the implementation of the ne@eédiHandling Rules in 1997, NASDAQ
has become more of an order-driven market like the NYSE. llthiss the applicability of our results to
NASDAQ data sets prior to 1997. On the other hand, stockstiirgaded under a quote-driven system in
London Stock Exchange’s SEAQ, and the same is true for opiim@BOE. Our theoretical findings can
be tested in these markets.

The organization of our paper is as follows. Section 1 prisstiie model and the equilibrium concept.
In Section 2, we present the equilibrium analysis and ourt®sSection 3 concludes. Most of the proofs

are delegated to the Appendix.

1. The model

We consider a market in which potential buyers and selladetra risky asset with a competitive
market-maker. The economy lasts fBr-2 many period$. The periods are indexed by= 0, 1,..., T, T+
1. Trade takes place in periods= 1, ...,T and consumption of a single good in peri@t+ 1. The risky
asset pays off in period” + 1. The risky asset payoff takes values from the s¢0, '} with the prior
probability Pr(o = 0) = . We assume thdt > 0 and0 < § < 1.

There are three types of agents in the economy: informee@rsatiquidity traders, and a competitive
market-maker. Informed traders are risk neutral, and thyeptmaximize their expected profits by trading.

Informed traders also know the realization of the risky apagoff v. Liquidity traders trade according to

®The Stock Exchange Automated Quotation system (SEAQ) isstesyfor trading mid-cap LSE stocks. SEAQ consists
of around 1,500 stocks. Stocks must have at least two merkers to be eligible for trading via SEAQ. Other quote-einiv
systems in LSE include SEAQI, where blue chip internatigstatks are traded, and European Quoting Service (EQS)ewher

liquid MIFID securities are traded. Sources: http://wvordlonstockexchange.com and Levin (2003, p. 26).
"Source: Harris (2003, p. 93).
8The economy can last for infinitely many periods, i gan be infinity.



their liquidity needs, which are exogenous to the model. ddrapetitive market-maker supplies against
the demands of informed traders and liquidity traders.

Traders can choose from multiple trade sizes when they adty the risky asset. In particular, they
can trade the risky asset in the trade sizes that are elemkthis setQ2,, := {—n, ..., =1, 0, 1, ..., n}.
In our notation,k and —k represent the purchase and the salé ahits of the risky asset, respectively.
QF := {1, ..., n} denotes the set of possible purchase trade sizes, Rhile= {—n, ..., —1} denotes
the set of possible sales trade sizgésepresents no trade.

The timing of events in our model is as follows:

1. In period0, nature chooses the realizatiore {0, V'} of the risky asset payoff. Informed traders

observev.
2. In successive periods, indexeddy 1, ..., T, the events realize in the following order:

- Having observed the realized trades in peribds, ¢t — 1, the competitive market-maker posts

a price for each trade size {,.

- A new trader (either an informed trader or a liquidity trgdemrives at the market and learns

market-maker’s price quote for each trade size.

- If the trader is informed, she takes the profit-maximizingtgu If the trader is a liquidity

trader, she trades in the trade size determined by her iiguideds.
3. In periodT + 1, the realization of is publicly disclosed, and consumption takes place.

The type of the trader arriving in peridds determined by the random varialsle which takes values
from the set{i,, [}. The letters,, andl! denote the informed type and the liquidity type, respebtivEhe
random variablegf;: ¢t = 1,..T} are i.i.d. across the periods..., T and satisfyPr(d; = i,) = u. If
the trader type in period is /, then the demand at that period is determined by the randoiabla L,
which takes values fror2,,. The random variable§L;: t = 1,...,T} are i.i.d. and satisfPr(L; = q)
= ~(¢q) > 0. For any given period, the random variable%, L., © are mutually independent. We assume

that informed traders, who trade once, gets the chance tirmae-with probabilityd. Thus, informed
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traders behave myopically and they (rationally) ignore géffect of their trades on future periods. The
market-maker is risk-neutral and her price quotes make éwr expected profit in each peridd,e., in
periodt, t = 1,...,T, she chooses the price of each trade gize (2,, equal to the expected value of
the risky asset payoff conditional on her information atigebt and the trade realization being equal to
g. Informed traders and the market-maker correctly antieigach other’s trading and pricing strategies.
The structure of the economy, described so far, is commowleatge.

Next we describe the details with regard to the market-nskeicing strategy and informed traders’
trading strategy. To that end, we first need to introduce sootation. Letg; denote the trade size that
the market-maker receives in periodi.e., ¢; is the realized trade size for peried A period< history
ht == (q1, ..., q¢) is the sequence of realized trade sizes for periods uptuntil. The space of all possible
period+ histories,t > 1, is denoted by)! := HtT:1 Q.,, andh; is taken to be the generic element of
QL. hy € QL is called acomplete history h, is said to beconsistentwith i = (qi,...,qr) € QL if
hr = (h¢, qs41, ..., qr). For notational convenience, we leg = 0. Also, we letr;: Q! x Q, — R
represent the market-maker’s pricing strategy functiog.,(iher price menu for all trade sizes), so that
m(hi—1,q) is the market-maker’s price quote for trade sjzgven historyh;_;.

Since there is a price quote for each trade size, it is passidl informed traders to obtain the
same profit from two or more different trade sizes. In suclesamformed traders assign positive
probabilities to those trade sizes that yield equal profiemvkthey determine their demands. We for-
malize this as follows: In our model, a trading strategy isr@abpbility functionv: ©,, — [0, 1] such
that qugn ¥(q) = 1. The support ofy is given bysupp(y):= {q € an(q) + 0}. We let
A(Qy,):= {zp: Q, — 0, 1]| qugn P(q) = 1} denote the set of all possible trading strategieformed
trader’s trading strategy for price menty prescribes a probability distribution), (v, hy—1, ) € A(Qy,)
over trade sizes if,, for eachv € {0,V} and historyh, 1 € QL. We lety;(q|v, hy_1, ;) denote
the probability assigned to trade sizéy the probability distribution,(v, hy—1, 7). Among all trading

strategies, the informed trader chooses the strategy thsimizes her expected profit given the market-

°A Bertrand competition among market-makers is the standssdmption to have zero expected profit for the (compelitive

market-maker.



maker’s price menu. Thereforsformed trader’s optimal trading strategy for price menuprescribes
the probability distributiony; (v, hi—1,m) € A(S,) over trade sizes inf2,, for eachv € {0,V} and

history h; 1 € Qf~1 such that

¥y (v, hy—1, ) € arg ohax q;; Y(q) [q (v —m(hi—1,q))] -

The market-maker is Bayesian. She updates her belief almuisky asset payoff in each period after
having observed the realized trade size for that periodmBby, J;(h:—1, q) is the probability assigned
by the market-maker to the risky payoff being equaltgiven that realized history is;_; € Q¢! and
the realized trade size in periads going to beg. As a notational convenience, we lgt= §. Bayesian

updating dictates

5t(ht—17 Q) = PI‘(@ = Olht_l, q) (1)

Pr(0 = 0|hy—1) [119(q]0, hy—1, ) + (1 — p) v(q)]
> veqovy Pr(0 = vlhy—1) pbe(qlv, he—1, m) + (1 — p) (q)

if the market-maker believes that the informed trader islegipg trading strategy); in period<. As the

market-maker makes zero profit from her price quotes, heeprienur; satisfies
Ti(hi—1,9) = (1 — 6¢(lu—1,9)) V, Vhyy € Q51, Vg € Q. (2

We say thatr,(h;—1, q) satisfies the zero-profit condition if Equation (2) holds

Next we define the equilibrium for our economy:

Definition 1. An equilibrium consists of the market-maker’s price mefwis: t = 1,...,7'}, informed
traders’ trading strategieq«; : t = 1,2,..., T}, and posterior belief§o;: t = 1,2,..., T} such that for

allte{1,--- ,T}andforallh, ; € Q!
(P1) = (h—1, q) satisfies the zero-profit condition (2) given the posterigidd §; (h;—1, q) forall g € Q,,,
(P2) vy (v, hi—1, ;) is informed traders’ optimal trading strategy for price men; for all v € {0, V'},

(B) forall g € Qu, 5 (he—1,9), 7} (hi—1,¢) and {vi (v, hy_1,77): v € {0, V'}} satisfy Equation (1).



Condition (B) specifies the equilibrium belief. It esselyiaeflects two critical assumptions of our
model: first, the market-maker is Bayesian; second, infdrimaders and the market-maker correctly
anticipate each other’s trading and pricing stratedfles.

Finally, we define the bid-ask spread for trade gizthe periodt bid-ask spread for historg, | € Qf~1

and trade size € {1, ...,n} is given by

St(htA,Q) = Wt(htA,Q) - Wt(htfla —Q), 3)

wherer; is the market-maker’s price menu

2. Sequential trades with multiple trade sizes

Our analysis makes one basic methodological advance os@pps research on sequential trade mod-
els: we let traders choose from multiple trade sizes. Thisvalus to see the impact of trade size on price

menus, trading strategies, and information revelationrimu#ii-period economy.

2.1. Informed traders’ equilibrium trading strategies

We first examine the impact of trade size on trading strasegieo that end, we analyze informed
traders’ equilibrium trading strategies. The followingpposition lists some of the basic properties of the

equilibrium trading strategies of informed traders:

Proposition 1. If {(r},¥},6;): t = 1,...., T} isan equilibrium, then for alk;,_, € Q% tandt € {1,...,T}

informed traders’ equilibrium trading strategy; satisfies the following:
(@) 5 (0fv, hy—y1,mf) = Oforallve {0,V},
(b) QJZ)Z{(C.”V) ht—laﬂ':) = 0 for all qe Qr;;

(©) 5 (ql0,hi—1,7F) = Oforall ¢ € Q.

10n other words, informed traders and the market-maker hatienal expectations about each other’s strategies.



Part (a) of Proposition 1 states that informed traders ahvtta@gde in non-zero quantities. This is simply
a consequence of the information asymmetry between infdrnaelers and the market-maker. Since the
market-maker can never fully infer the risky payoff redliaa v at any given period < oo due to the
presence of liquidity traders, informed traders, who kngvare better off trading non-zero quantities of
the risky asset as they can make non-zero profits by doingas @) and (c) say that informed traders
sell whenv = 0 and buy wheny = V, respectively. Since the market-maker always quotes a pticctly
between0 and V' (due to her uncertainty about the risky asset payoff), mixnt traders are better off
selling when they know = 0 and they are better off buying when they know= V.

The next result shows that informed traders’ equilibriuading strategies satisfy a special condition:
given any history and period, there is a cut-off trade sizevalwhich informed traders buy with positive
probabilities ifv = V' and another cut-off size above which informed traders sétl positive probabilities

if v = 0. Formally:

Theorem 2. If {(x},¢},6;): t = 1,...., T} is an equilibrium, then for alh,_; € Q% tandt € {1,..., T}

there exist cut-off trade siz@;*(ht_l) > 1andk, (hi—1) > 1 such that

Supp{w:(‘/v h’t—la ﬂ-;tk)} = {kt—’—(ht—l% e 7n}7 and

supp{; (0, he1, 7))} = {=n,--, =k (1)}

Theorem 2 essentially says the following: if informed tnadassign positive probability to trade size
g in their equilibrium trading strategy, then they also as$igsitive probabilities to trade sizes larger than
g. The intuition is as follows: Suppose to the contrary thatguilibrium there is a trade sizg¢ > ¢ such
that informed traders never trade in. Then, foreseeingttgegy employed by the informed traders, the
market-maker would post a “better” price to the trade gizzompared to the trade size That implies the
informed traders would make a larger profit by trading in sizbecause not only the price is better but
also the size is larger. However, this contradigtseing in the support of the equilibrium trading strategy
asq should yield higher profits thagf.

Also, Theorem 2 lets us use a simple classification systeninformed traders’ equilibrium trad-

ing strategies. Le{(vr;*,zp;*,égk): t=1, ....,T} be an equilibrium. The equilibrium trading strategy of

10



informed tradersy;, is said to be!

- k partially pooling on the long side for historj;_; if 0 < ¥y (q|V,hi—1,7) < 1 for all

qge{k,k+1,...,n} and¢f(q|V, hy—1,7;) =0 forall g € {0,....,k — 1},

- k partially pooling on the short side for histork,_; if 0 < ¥y(q|0, h—1,7f) < 1 for all

ge{-n,—n—1,....—k} and ¢} (¢|0,ht—1,7;) =0 forall ¢ €{0,...,—k + 1}.

According to this simple classification, Theorem 2 implieattthere exist;” andk; such that informed
traders’ equilibrium trading strategy is" partially pooling on the long side arig™ partially pooling on

the short side. For convenience, we also employ the follguénminology: we say); is:

- separating on the long side (short side) for histagy ; if ¢} is n partially pooling on the long side

(short side) for historyy; 1,

- completely pooling on the long side (short side) for histbry; if +; is 1 partially pooling on the

long side (short side) for history; 1.

We now turn our attention to the necessary and sufficientitiond for informed traders’ equilibrium

trading strategies to biepartially pooling,1 < k& < n.

Proposition 3. Let {(n;*,wf,é;f): t =1, ....,T} be an equilibrium. The equilibrium trading strategy of

informed tradersy);, is:

(@) k; partially pooling on the long side for history, _; if and only if

n

G-mY (1—é)v<z‘>+<1—az‘_1<ht_1>>u >0, and  (4a)

it
i=k;

(=) 3 (1o )0+ G- ot < 0, (4b)

F—1
i=kj —1 t

1Note that we use the terms “separating” and “pooling” in a-stamdard way since we follow the terminology used by Easley
and O’Hara (1987). For example, b¥ partially pooling” we mean that the informed traders haveigenh strategy above the
cut-off sizek. Informed and liquidity traders pool above the cut-off, thaey also pool in the case the informed traders employ

the “separating” equilibrium trading strategy.
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(b) £, partially pooling on the short side for history_; if and only if

n

(1= 3 (1= 5= )20+ 0 alhie > 0. and (40)
i=k; t
(-n) X (1= =)o+ it < o (4d)
i=k; —1 t

To better understand the implications of Proposition 3, wan@ne the necessary and sufficient condi-
tions for the two special cases opartially pooling trading strategies: separating and debety pooling.

We have following result for separating strategies:

Corollary 4. Let {(wf,@,éjﬁ): t =1, ....,T} be an equilibrium. The equilibrium trading strategy of

informed tradersy);, is:

(a) separating on the long side for histohy_ if and only if

n (1= 074 (h))ps
>1+4+ ) 5a
no1 =) &2
(b) separating on the short side for histaty_; if and only if
n 671 (he—1) p
>1+ . 5b
S T ) 0

In the case of separating trading strategies, traders tnalgan the largest trade size, namely Ob-
serve that, for separating trading strategies, conditigasand (4c) in Proposition 3 become redundant as,
for k;” = k; = n, these conditions reduce to—65; _ (h;—1)) # > 0ands;_;(h.—1) u > 0, respectively,
which necessarily hold since the market-maker can nevirifufer the risky payoff realization at any
given periodt or historyh;_; due to the presence of liquidity traders (meaning that5; ;(h:—1) < 1).
This observation and straightforward manipulations or) éta (4d) prove Corollary 4.

Now let us focus on the implication of this result. Corollatyimplies that as the probability of
informed trading goes up an equilibrium trading strategyonees less likely to be separating. The intuition
is straightforward: Following Theorem 2, informed tradaksays assign positive probability to the largest

trade sizen in their equilibrium trading strategies. If the probalyilaf informed trading is high, then the

12



market-maker posts a large bid-ask spread for tradersiweavoid loss inflicted by informed traders.
This makes trading in the largest trade size less attrafiivinformed traders, hence they decrease their
likelihood of trading in sizen by assigning positive probabilities to smaller trade sietheir trading
strategies. Therefore, an equilibrium trading strategiss likely to be separating if the probability of
informed trading is high.

The following result provides the necessary and sufficientidions for equilibrium trading strategies

to be completely pooling:

Corollary 5. Let {(n;*,wf,é;*): t =1, ....,T} be an equilibrium. The equilibrium trading strategy of

informed tradersy);, is:

(a) completely pooling on the long side for histdry 1 if and only if

n

(L= Y (1=i)y(i) + (1 =6y (b)) > 0, (6a)

=1

(b) completely pooling on the short side for histdry ; if and only if
(=) Y (L= i)y(=i) + 5y (he—r) p > 0. (6b)
=1

In the case of completely pooling trading strategies, imid traders trade in all possible trade sizes
with positive probabilities. Therefore, conditions (4lda(4d) in Proposition 3 are redundant, and the
result above is obtained as a straightforward corollaryropBsition 3.

Note the following implication of Corollary 5: as the proliélp of informed tradingu increases, in-
formed traders’ equilibrium trading strategy becomes ntikiedy to be completely pooling. The intuition
behind this result is very much in line with the intuition wawvg for Corollary 4. Following Theorem 2,
the market-maker knows that informed traders are moreyliketrade in large trade sizes and as a conse-
guence she posts large bid-ask spreads for these large Biigsnakes informed traders to assign positive
probabilities to smaller trade sizes so that they can erjeytér” price quotes. Essentially, increased pool-
ing gives informed traders increased coverage by liquidétglers against the market-maker. Therefore, if

the probability of informed trading is sufficiently high glequilibrium trading strategy of informed traders
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is completely pooling.

2.2. Existence and uniqueness of equilibrium

In the standard sequential trade models, traders, who tnacks get the chance to re-trade with prob-
ability zero. This is also the case in our model. Therefonégrmed traders’ time scope for portfolio
decisions is confined to one period. As a consequence, tlgdioklbetween consecutive periods is the
market-maker’s belief on the risky asset payoff. Thatjs, is the only parameter from peridd-— 1),
which the period- equilibrium strategies;, ¢y and the period-equilibrium beliefé; depend on. Let us
demonstrate this in detail:

Take a complete historgr € QF, and let{h;: t = 1,..., T} be the sequence of histories consistent

with hp. Fix periodt € {1, ..., T} and historyh;_;. Recall from equilibrium condition (B) that

* _ 0f_q(he—1) [ opf (ql0,he—1,mF)+(1—p) v(q)]
07 (he-1,q) = 0¢_1(he—1) pi (q|0,he—1,7m7 ) +(1—07_y (he—1)) 7 (@I V he—1,m7)+(1—p) (@) (7)

Equation (7) shows the functional relation between theopleriequilibrium beliefs; (hi—1,-): €, — (0,1)
and the period¢ — 1) equilibrium beliefs;_, (h;—1). Also, the zero-profit condition of the equilibrium,

namely (P1), dictates that the market-maker’s price menpfitise form

mi(he1,9) = (1 =6;(ht-1,9)V (8)

(1=87_1 (ht—1)) [} (@I Vihe—1,7m )+ —p) ¥()] V
01 (he—1) pf(gl0he—1,mf)+(1—0;_; (he—1)) oo (qVihe—1,m3)+(1—) v(a) ©

Equation (8) shows the functional relation between theogeriprice menur; (hi—1,-): 2, — R and
d;_1(ht—1). Finally, the functional relation between informed trasl@eriod+ equilibrium trading strategy
Pi (- b, ) {0,V — TT,—1[0,1] andé;_, (he—1) is derived in Lemma 37 It states that if; is k;"
partially pooling on the long side arig” partially pooling on the short side for histofy_;, then

0 : qE{—n,,kﬁ;r—l}

bialVohe—r,mi) = @ =m0 o (1= )20+ (167 (he-n)) s (%3)
: RO coge ko n);
(1*5z*—1(hf—1))”zi:k:r q7(q)

125ee the Appendix.
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0 coge{—k +1,--- ,n}

w:(q,ov ht—laﬂf) — (1—p) Z?:]f (17ﬁ)y(—i)+6§71(ht_1),u (9b)
: w0 cogef{-n, =k}
5§71(ht*1)“2i:k; FIRIC)

We derived period-equilibrium beliefé; and periodt equilibrium strategies; andi); as functions of
(671 (he—1), k" k) € (0,1) x QF x Q, in Equations (7), (8), and (9a)-(9b), respectively. Foststice
of equilibrium in period¢, it remains to show that, givesf_, (h:—1), there indeed exist some trade sizes
k€ Qf andk; € Q such thatinformed traders’ perigcequilibrium trading strategy; is k;~ partially
pooling on the long side and " partially pooling on the short side. It follows from Proptasn 3 that this

is equivalent to showing the following:

Lemma 1. Givend; ;(h;—1) € (0,1), there existk,;” € Q} andk, € €, that satisfy the inequalities

(4a)-(4b) and (4c)-(4d), respectively.

We showed that given; (h.—1) € (0,1), there exist period-equilibrium belief and strategies,
and that they are prescribed by (7), (8), and (9a)-(9b). esthese belief and strategies are functions
of 8 y(hi—1) , k;~ andk; ", uniqueness of periotlequilibrium for givens;_, (h;—1) is equivalent to the

uniqueness of the endogenous paramétgrandk; described in Lemma 1.

Lemma 2. Givend; (k1) € (0,1), if there existk,;” € Qf andk; € Q,, that satisfy the inequalities

(4a)-(4b) and (4c)-(4d), respectively, then they must bgue

Our analysis so far implies that giveii_, (h:—1), there uniquely exist periotlequilibrium beliefd;
and periodt equilibrium strategies; andi;. Sincedy = § is an exogenous parameter of the model, the
overall equilibrium can be uniquely derived using Equai¢ry), (8), and (9a)-(9b) in a recursive fashion.

In summary, we proved the following result:

Proposition 6. There exists a unique equilibriuf(z;, ¥}, 0;) : t = 1,....,T}. That is, given a complete
history hr € QI the sequence of historigs;: t = 1,..., 7} consistent withhr, andt € {1,..., T},

the equilibrium price menur} (hi—1,-): Q, — R, the equilibrium trading strategy of informed traders
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VF (-, he—1,7F): {0,V} — Rl and the equilibrium posterior belies; (h;_1,-): Q, — R uniquely

exist.

It should be noted that the assumption of exogenous and ipetastic liquidity trading is crucial for
the uniqueness of equilibrium. Absent this assumption tipialequilibria may occur: Dow (2004) ex-
tends Glosten and Milgrom’s (1985) model by endogeniziggidity trading. In particular, Dow models
liquidity traders as hedgéswith an initial risk exposure that is correlated with thekyisisset payoff and,

by doing so, shows that multiple equilibria may arise duedwordination failure.

2.3. Equilibrium dynamics

In this section we turn our attention to the equilibrium dyres. First, we examine the dynamics
of the equilibrium trading strategies of informed tradefs trades unfold over time, the market-maker
updates her belief on the risky asset payoff. Consequesity,also updates the price menu, and in turn
informed traders revise their trading strategies. Givénpartially pooling trading strategy in periag-
the revision of the trading strategy in perigd+ 1) can take place in two ways: (1) informed traders can
maintaink as the cut-off size and just change the probabilities theigago trade sizes oveét, or (2) they
can alter the cut-off size, hence change the support of tregling strategy. Naturally, the latter implies
a significant change in the trading behavior of informeddradand that is what we are after. we would
like to see if informed traders ever change the support of treding strategies over time. The following

result sheds light on thi¥

Proposition 7. Let {(r},¢},6;) : t = 1,...., T} be an equilibrium andy; = (hs—1,¢q;) € Q. Lety} be

k; partially pooling on the long side ankj partially pooling on the short side for history,_;. Also, let

13such modelling of liquidity trading, which makes liquididlemand price elastic, was introduced by Glosten (1989) and

Spiegel and Subrahmanyam (1992).
Note the following weaker version of Proposition 7: (a)/if is ;" partially pooling on the long side for histofy—; and

g > 0, thenyf,, is k7, partially pooling on the long side for histoiy; —1, g:) with k., < k7, (b) if 47 is k; partially
pooling on the short side for histofy.—1 andg; < 0, thenyy,; is k., ; partially pooling on the short side for histofj;—1, q:)

with k., < k; . This result follows in a fairly straightforward manner findhe updating rule (1) and Proposition 3.
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Yy bek;L1 partially pooling on the long side ank}_, ; partially pooling on the short side for history;.

Then the following hold:
@) k' <k if g €{k},..,n}and

(e (1 @Oy (e (o) —n s
i1 ( ST OS2 e - s 17(0)- - (108)

(b) kg <ky if g €{-n,..,—k }and

(=) " (1= )y (=) 467y (he—1) p
(1—6;‘1)< S G i U ) > iy Ty iv(—i).(10b)

(A=) 2 V(EOFOy (hea) = pky (k1)
For the sake of exposition, we cdkt™, ..., n} the domain of informed purchasing—n, ..., —k~ } the
domain of informed sellingand{—n, ..., —k~} U {k*, ..., n} the domain of informed tradini the equi-

librium trading strategy i&™ partially pooling on the long side arid™ partially pooling on the short side
for the given history and period. Proposition 7 reveals tiieWing: (a) the domain of informed purchas-
ing gets bigger in periodt + 1) provided that the probability, of informed trading is sufficiently high, a
trade from the period-domain of informed purchasing has occurred, and the mankddier believed that
the risky asset payoff was highly likely to Bebefore the purchase realization; (b) the domain of informed
selling gets bigger in periotl-+ 1) provided that the probability of informed trading is sufficiently high,
a trade from the period-domain of informed selling has occurred, and the marketenbklieved that the
risky asset payoff was highly likely to b€ before the sale realization.

Part (a) and part (b) of Proposition 7 can be motivated inlainfidshions. Let us consider part (a).
Suppose that the probabilify of informed trading is sufficiently high, a trade from the ipdrt domain
of informed purchasing has realized, and the market-magdgaved that the risky asset payoff was highly
likely to be 0 before the purchase realization. An informed purchase advialle place only if the risky
asset payoff werd . Since the probability of informed trading is high and therke&-maker previously
believed that the risky asset payoff was highly likely tothehe realized purchase leads to a significant
change in her belief. If informed trading strategy were mobé¢ revised in periodt + 1), the market-

maker would substantially increase prices for the petiddmain of informed purchasing. Consequently,
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the periodé domain of informed purchasing would yield lower profits irripd-(¢t + 1). Therefore, if
the true risky asset payoff is indeéd, informed traders revise their trading strategy by dedngathe
cut-off size. By doing so, they increase the probabilityigiidity trading within the domain of informed
purchasing and this allows higher probability of profit-rimakfor the market-maker. As the market-maker
is bound to make zero expected profit in equilibrium, the rgeld domain of informed purchasing yields
more favorable price quotes for the informed traders.

As illustrated by the argument above, the dynamics of infmintrading strategies and the market-
maker’s learning process are closely related. We next éaskiether the market-maker’s belief on the
risky asset payoff converges to the truth as the number dingaperiods tends to infinity. Glosten and
Milgrom (1985) show that such convergence is obtained alma®ly if the only available trade size is
the unit trade size. In our generalized framework, wherdiplaltrade sizes are available, the asymptotic

result of Glosten and Milgrom (1985) still holds.

Theorem 8. Supposél’ = oco. Let {(r},¢},6;) : t = 1,....,00} be an equilibrium. Given a complete

history ho, € Q5°, let (b, : t = 1,...,00) be the sequence of histories consistent With
(@) ¢; (he) converges t® almost surely ag tends to infinity it =V,
(b) o7 (hy) converges td almost surely as tends to infinity ifv = 0.

This result is driven by the fact that transaction prices (the prices of trade sizes that have been acted
upon) form a martingale. The martingale property of priceargntees their convergence. Of course, even
if the beliefs converge, they need not converge to the tidtwever, as in Glosten and Milgrom (1985), af-
ter sufficiently high number of periods, the market-makegestees a sufficient number of informed trades,

and these trades reveal the truth in the limit.

2.4. Bid-ask spreads

In this section, we investigate the equilibrium bid-askesygls. The bid-ask spreads compensate the

market-maker for the risk of doing business with informeatigrs. Therefore, the equilibrium bid-ask
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spreads depend on informed traders’ equilibrium tradirgtesyies: positive bid-ask spreads are observed
only in the trade sizes that belong to the domain of inforrmadibg. The following proposition formally

states this result:
Proposition 9. Let { (7}, ¢}, 6;) : t = 1,...., T} be an equilibrium. Also, let; bek;" partially pooling
on the long side and; partially pooling on the short side for historf;_;. The equilibrium bid-ask
spreadS; (hi—1,-) : Q,F — R satisfies the following:

@) S;(h¢—1,q) > 0 ifand only if min{k;", k; } < ¢ <mn,

(b) S;(hi—1,q) = 0 ifandonly if 1 < ¢ < min{k;", k; }.

Notice that small trade sizes initially with zero bid-askesls can later have positive spreads as the
trades unfold over time. This actually follows from Propimsi 9 and our discussions in Section 2.3.
Section 2.3 has revealed that informed traders can enlaeggdmain of informed trading over time as a
remedy against the market-maker getting close to the tiatlight of Proposition 9, this means that the
domain of positive bid-ask spreads will get bigger over tifrthe domain of informed trading is indeed

enlarged. Formally, we have the following result as a dicecbllary of Proposition 7 and Proposition 9:

Remark 10. Let{(vr;*,zp;*,égk) t=1, ....,T} be an equilibrium. Also, lep; bek;" partially pooling on

the long side and;,” partially pooling on the short side for history;_;.
(@) Itk <k ,q > k', andd; (hi_1,q) satisfies (10a), then

S:(htfl,k;r — 1) = 0 while Szk(ht’k;r — 1) > 0.

(b) Ifk; <k, q < —k;,ands; (hs_1,q;) satisfies (10b), then
Szk(htfl,k‘t_ — 1) = 0 while S;/k(ht,k?t_ — 1) > 0.
The bid-ask spreads exist due to the asymmetric informdidween the market-maker and informed
traders. If the market-maker were to learn the truth abautigky asset payoff, there would be no spreads

as the price of the risky asset would be set equal to its pagoff following Theorem 8, we know that the

bid-ask spreads vanish almost surely as the number of ggdiriods tends to infinity.
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Proposition 11. Supposé’ = cc. Let{(nf,wf,éf) t=1, ..., oo} be an equilibrium. Given a complete
historyh € Q2°, let(h: : t = 1, ..., 00) be the sequence of histories consistent with The equilibrium

bid-ask spreads; (h;) converges t® almost surely ag tends to infinity.

Next we examine the functional relation between bid-askags and trade sizes. To that end, we first
make the following mathematical definition. L& € Z. We sayf: X — R exhibitsdiscrete concavity

if, foranyz,z — 1,z + 1 € X, it holds that
flz+1) = f(z) < f(z) = fz —1). (11)

f is said to exhibitstrict discrete concavityf (11) holds with strict inequality. Notice that our defiioib

for discrete concavity essentially provides an extensfadheconcavity definition of continuous functions

to discrete spaces. Recall that a differentiable funcsaoncave if and only if its first-order derivative is a
decreasing function. In a discrete space, this corresprfitst-order difference being a decreasing func-
tion, as in (11). The following proposition sheds light oe fianctional relation between the equilibrium

bid-ask spreads and trade sizes.

Proposition 12. Let{ (=}, v¢;,8;): t = 1,...., T} be an equilibrium. Also, lep; bek;" partially pooling
on the long side and; partially pooling on the short side for historf;_;. The equilibrium bid-ask
spreadS; (h:—1,q), as a function of; > 0, is strictly increasing and exhibits strict discrete cowitg in

the domain{max{k, , k" },...,n}.

Proposition 12 reveals that the equilibrium bid-ask spraad function of trade size, is strictly increas-
ing and exhibits strict discrete concavity within the domei trade sizes where both informed purchasing
and informed selling are deemed probable by the market-madke significance of (discrete) concavity
of the bid-ask spread will be made clear in Section 2.5, wheehaborate on the price impacts of different
trade sizes. For now, let us focus on the monotonicity of ideaBk spread. One should be careful in the
interpretation of this result. The fact that the largesti¢raize has the highest bid-ask spread does not

necessarily imply that informed traders are most likelyré@lé in the largest trade size.
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Remark 13. Let{(vr;*,zp;*,éf) t=1, ....,T} be an equilibrium. Also, lep; bek;" partially pooling on

the long side and;,” partially pooling on the short side for history;_;.

(@) Giveng,§ € {k;",...,n} andq > ¢, if v(q) is sufficiently small, then
ViV hi—r, ) <y (QV, v, 7).

(b) Giveng, g € {—n,...,—k, } and|q| > |g|, if 7(¢) is sufficiently small, then
V(|0 he—1, ) < (410, he—1, 7).

Remark 13 shows that informed traders are more likely tcetindsmall trade sizes provided that the
probability of liquidity trading in relatively larger sizds sufficiently small. The intuition for this is quite
straightforward: informed traders need liquidity tradewscamouflage their trades against the market-
maker, and if liquidity trading at a given trade size is uelijkto happen, then informed traders prefer
trading in other trade sizes. This may at first seem to coiutréite monotonicity of bid-ask spreads in
trade sizes, as proved in Proposition 12. After all, thedsik-spreads exist to compensate the market-
maker of doing business with informed traders. Howevere tioat the market-maker’s compensation not
only depends on the probability of facing an informed tradlaralso the trade size itself: the larger the
trade size, the higher the informed traders’ total expeptedit, hence the market-maker needs a larger
spread. Therefore, large spreads associated with lame $iaes should not be necessarily interpreted as
an indication of high probability of informed trading in th®large sizes.

Another issue of interest regarding bid-ask spreads is th@iamic behavior. In particular, we are
interested in the conditions under which the spreads tigatel the conditions under which they widen

from one period to another. Proposition 14 lays out a sufftaiendition for spreads’ tightening over time.

Proposition 14. Let {(n}, ¢, 0;) : t = 1,....,T'} be an equilibrium and; = (h¢_1,q:) € Q. Lety} be
k; partially pooling on the long side ankj partially pooling on the short side for history,_;. Also, let
Vi bek;:L1 partially pooling on the long side ank}_, ; partially pooling on the short side for history;.

Giveng € {max{k; .k k1, K/ },..on}, if @ € {—n,...,—k; } U{k,...,n} and u is sufficiently
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large, then

S:-{-l(htfl) qt, Q) < S;((htfla q)

Proposition 14 analyzes the spreads for trade sizes whéeheifformed purchasing and informed
selling are deemed probable by the market-maker in pericatsd ¢ + 1. It shows that such spreads
tighten from one period to another provided that the prditglnf an informed trader arriving in the
market is sufficiently high and an order of a size within thendin of informed trading has been executed
in the previous period. The intuition is as follows: From {herspective of the market-maker, a high
probability of facing an informed trader and a previous ordea size within the domain of informed
trading taken together imply that the previous order mdslyi comes from an informed trader. This
leads the market-maker to substantially revise her beliBfgt, in turn, implies a decrease in the degree
of asymmetric information between the market-maker andrinéd traders. Moreover, the degree of
asymmetric information is bound to decrease even furthiér@mpcoming period given the high likelihood
of an informed trader arriving in the market once again. lethe market-maker needs smaller spreads to
protect herself against the informed traders, i.e., theasis tighten.

Proposition 15 provides a sufficient condition under whioh $preads widen from one period to an-

other.

Proposition 15. Let {(w},¢;,6;) : t = 1,...., T} be an equilibrium andv; = (h¢—1,¢q:) € Q. Lety);
bek;” partially pooling on the long side ankj partially pooling on the short side for history,_. Also,

letyf, bek;ﬁrl partially pooling on the long side ank, ; partially pooling on the short side for history

h:. Define
n n n n
A = Z v(—i), B, = Z iy(—i), Af:= Z (i), B = Z iv(i), t=1,...,T.
i=k; i=k; i=k; i=k;

Giveng € {max{k; , k", k. kf1},.on},

P . 1 ex Af B,
(a) if wis sufficiently smallg;: € {—n, ..., —k; }, 61 (he—1) > A}ng, and
* +nR— (At p- - pt
|Qt| > (1 - 5t—1(ht—1)) At Bt (At+1Bt+1 B At+1Bt+1) (12a)

Ar (U =67 (h1)) BR AF AL + A (07 (he—1)AfL B — AT Bf))
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then

S:-{-l(htfl) qt, Q) > S:(htfla q)’

(b) if uis sufficiently smallg; € {k;",....n}, 1 — 8y (hy—1) > 5=-52, and

t+15¢

o> 671 (him1)A; By (A;HB;SA - BtjrlA;Zrl) (12b)
Al (A (=67 (he1)A B — A7 By ) + 67y (he 1) A7 A BY)'

then

S;,:»l(htfl) qt, Q) > S;,k(htfla Q)

As is the case in Proposition 14, Proposition 15 analyzespiheads for trade sizes where both in-
formed purchasing and informed selling are deemed proligblee market-maker in periodsandt + 1.
Observe from Proposition 15 that such bid-ask spreads wpdavided that (i) the probability of an in-
formed trader arriving in the market is sufficiently smaill, the market-maker assigns a high probability
to the risky asset payoff being of low value (high value) imipe¢ — 1, and (iii) a sufficiently large sale
(purchase) order is executed in periodThe economic intuition behind this observation is as fetio
Given that the probability of an informed trader arrivingle market is small, informed traders are better
camouflaged by frequent liquidity trading, hence the infedntraders are much more likely to submit large
orders. Therefore, the market-maker assigning a high pilityeto the asset payoff being of low value in
periodt — 1 and a large sale order execution in periddken together imply that the market-maker is al-
most certain that the payoff is of low value by the beginnihgeriod:+ 1. However, then any periadt- 1
purchase order within the domain of informed trading woelad the market-maker to update her beliefs
away from certainty, meaning that the degree of asymmetficrnation would substantially increase. The
expectation of such likely increase in the degree of asymmieformation makes the market-maker post
relatively larger spreads in periad+ 1. In other words, the spreads widen.

In Hasbrouck’s (1991) empirical study, it is shown that éatgpdes cause bid-ask spreads to widen.
According to our model, large orders do not categoricallysesspreads to widen (e.g., spreads may tighten
even after large trades if the probability of an informedi@&naarriving in the market is sufficiently high),

however we now have a better understanding of the conditiadsr which the large orders would trigger
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spreads to widef? Furthermore, Hasbrouck (1991) notes that the widening énsfireads after a large

trade is temporary. This finding can be justified by our moAsllarge trades are likely to be in the domain
of informed trading, they lead to the market-maker updakiag posterior belief. Theorem 8 shows that
the market-maker gets close to the truth regarding the askgt payoff after a sufficiently high number
of periods. Hence, bid-ask spreads are eventually bounarislv, as indicated by Proposition 11. Conse-

qguently, the widening in the spreads can only be temporary.

2.5. Price impact

The last notion to be examined in our equilibrium analysihésprice impact. Price impact measures
the absolute impact of trade size on the risky asset pricemalty, the period¢ price impact of trade

q € Q,, for historyh; 1 € QL1 is given by:

It(ht—LQ) = ’Wt(ht—LQ) - Wt—l(ht—l)‘ . (13)

Hasbrouck’s (1991) estimates for a sample of NYSE firms sstgipat price impact, as a function of
trade size, is increasing and concave. Using differentséétaand estimation techniques, Algert (1990),
Hausman, Lo, and MacKinlay (1992), and Kempf and Korn (19818p find evidence of a non-linear,
concave relationship between price changes and trade Birr studies suggest that large orders lead
to relatively small incremental price changes while smedieos lead to relatively large incremental price

changes. We provide a theoretical justification for thespigaal findings in the following proposition:

Proposition 16. Let{(nf,wf,éf) tt=1, ....,T} be an equilibrium. Also, let; bek;,” partially pooling

on the long side and, partially pooling on the short side for history;_;.
(@) The equilibrium price impadt; (h:—1, ¢), as a function of trade size|, is increasing.

(b) The equilibrium price impact;(h;—1,q), as a function of trade sizgy|, exhibits strict discrete

concavity in the domaif—n, ..., —k; } U {k;",...,n}.

150f course, in a model with re-trading, different justificats can be developed for Hasbrouck’s (1991) empirical findin
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This result follows from two basic equilibrium propertiegt) only a transaction in the domain of
informed trading leads to a change in the market-maker'sepos belief, hence a change in her price
menu, and (2) given the market-maker’s price menu, all &reti@ns in the domain of informed trading
yield the same expected profit (if a transaction yielded a&lamxpected profit compared to others, informed
traders would not have made that transaction in equilibyidrhe first equilibrium property implies that the
equilibrium price impact of trade equals zero if; is outside the domain of informed trading. The second
equilibrium property implies that informed traders’ exfeetprofit, (v — 7} (h:—1, ¢)) ¢, is same over all
trades,g, within the domain of informed trading. Consequently, pé# equilibrium pricer; (hi—1,q) is
proportional to—% within the domain of informed trading. This in turn implidsat the equilibrium price
impact, as a function of trade sizg, is increasing and exhibits discrete concavity.

We should note that the assumption that traders re-tradepsabability zero is critical in addressing
the implications of price impact concavity. When re-tragia allowed, manipulative trading cannot be
ruled out with a concave price impact function. In particuluberman and Stanzl (2004) show that, in
the presence of re-trading and a non-linear price impactiom, a trader can manipulate prices by buying
and then selling the same asset, with the expectation oingearpositive profit from such a manipulation.
If such manipulation occurs, this seriously puts in questiw viability of securities markets since traders
can take infinite positions to earn manipulation profits. @frse, markets will stay viable in our model as

long as traders are volume-constrained.

3. Concluding remarks

To quote an old Wall Street adage, “It takes volume to moveegt? This paper investigates the rela-
tionship between trade sizes and the dynamic process @f fanimation. Following Glosten and Milgrom
(1985) and Easley and O’Hara (1987), we assume that therrsspd asset prices to trading activity is a

consequence of asymmetric information. Our theoreticalysteveals the following:

1. In each period there is a positive cut-off trade size feritifiormed trader who observes that the risky

asset payoff is of high value. She assigns no probabilityutolmasing amounts below this trade size

25



because, even at the price induced by the market-makedsspsuch trades cannot capture her
equilibrium information rents. She assigns positive plilitst to purchasing the cut-off trade size,
by definition. In equilibrium any positive trade size thaeskssigns zero probability to is priced
according to the market-maker’s priors, so she must assigitiye probability to each trade size
above the cut-off because otherwise purchasing the cutaude size would be suboptimal. The
situation is symmetric for the informed trader who obserthed the risky asset payoff is of low
value. There is a positive least amount that she sells wititipe probability, and she assigns

positive probability to selling each allowed amount gre#tan this cut-off.

. Bid-ask spreads exist only in the trade sizes where irddrinading is deemed probable by the

market-maker.

. The cut-off trade sizes decrease following a trade pemlithat the trade leads to a substantial
change in the market-maker’s belief. Consequently, theaiiorof trade sizes, where informed
trading is deemed probable by the market-maker, can geebmeer time. Therefore, small trade

sizes initially with zero bid-ask spreads can later havétipesspreads.

. The market-maker learns the true risky asset payoff dlswely as the number of trading rounds

tends to infinity. Hence, the bid-ask spreads are eventhaliynd to vanish.

. The bid-ask spread, as a function of trade size, is strctreasing and exhibits strict (discrete)
concavity within the domain where both informed purchasimgl informed selling are deemed
probable by the market-maker. Also, the price impact, asation of trade size, is increasing and
exhibits (discrete) concavity. The empirical findings oféit (1990), Hasbrouck (1991), Hausman,

Lo, and MacKinlay (1992), and Kempf and Korn (1999) lend sarppo the latter result.

. If the probability of an informed trader arriving in the rket is sufficiently high, then the bid-ask
spreads tighten over time within the domain where both méxt purchasing and informed selling
are deemed probable by the market-maker. On the other Henblid-ask spreads temporarily widen

within the same domain provided that the probability of aierimed trader arriving in the market
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is sufficiently low and a large order execution has moved theket-maker’s posterior belief on the

asset payoff towards certainty in the previous period.

There are a number of directions in which our theoreticadysttan be furthered. One of them is to in-
troduce price discreteness. Numerous empirical studassetthe dynamics of discrete bid and ask quotes
and investigate the impact of tick size reduction (i.e.¢@recimalization) on market quality. Another
possible extension is to allow for re-trading: as in Glosée Milgrom (1985), traders re-trade with
probability zero in our current model. Numerous studiesastiwt there is room for price manipulation
when re-trading is allowed (see, e.g., Allen and Gale, 199%kraborty and Yilmaz, 2004; Huberman

and Stanzl, 2004).

165eg, e.g., Goldstein and Kavajecz, 2000; Harris, 1991,;1984dbrouck, 1999.
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Appendix
Proof of Proposition 1. (a) Suppose); (0|V, h,_1,7}) > 0 for somet > 1 andh,_; € Qf~1. Then we

have:
0> (V-mi(hi-1,9))q = 6 (hi-1,9)V q, Vg€ Qy. (14)

Following (1),0 < d;(ht—1,q) < 1 as the probability of liquidity trading is positive over alhde sizes.
Therefore inequality (14) fails to hold whene Q.F. This proves that); (0|V, hy—1,7;) = 0forallt > 1
andh;_; € QL1 In a similar fashion, it can be easily proved thigt(0|0, h;_1, ;) = 0 for all t > 1 and
hy_q € QL.

(b) Suppose there exist> 1 andh;_; € Q! such that;(q|V, hi—1,7;) > 0 for someq € Q.

Then it must hold that:
(V —7f(ht-1,9)) ¢ > 0. (15)
However, sincé < o; (hi—1,q) < landq € Q,,
(V =mi(h—1,9)qa = 0;(he-1,9)V ¢ < 0.

This contradicts with (15).

(c) The proof is similar to that of (b]]

Proof of Theorem 2. Suppose there exists an equilibridrry, ¥y, 6;7) : t = 1,..., T} such that for some

t>1,h 1 € Q- andi,j € QF withi > 5
Ui GV, e, wf) >0, f(i|V, hey, 7)) = 0.
Then it must hold that:
(V =mi(h—1,5)) 7 = (V —mp(h—1,4)) i
This in turn implies together with (1), (2), and Propositibthat:

J oS V—mi(h-1,1) _ 1+(1_5:(ht71)j))¢;tk(j|‘/ahtflaﬂ-zi,k):u" (16)

i =V —nf(hi-1,)) (1= p)v()
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Since% < landf(j|V, hi—1,7f) > 0 by assumption, (16) fails to hold. This proves that theretsxi
ki (hi—1) € QF such thasupp{v; (V, hi—1,7})} = {k (ht—1),--- ,n}. In a similar fashion, it can be

proved thasupp{¢; (0, ht—1,7})} = {—n,---,—k; (ht—1)} for somek, (h,—1) € Q.. O
Some of the proofs in the rest of the Appendix are based orotlwving lemma.

Lemma 3. Let {(x},v},67) : t = 1,...., T} be an equilibrium. Also, lep; bek;" partially pooling on

the long side and, partially pooling on the short side for history,_;. Then

0 : qe{l,---,k?'—l}
U@V hee1, 1) = 4 0o S0 (1-4) 200+ (187 (o) (172)
i n iy (4) Cae {k:_’ 7n}
(1_5t71(hf*1))“2i:k;* q7(q)
and
0 L oqe ki +1,-, 1)
b ()0 he1, ™) = 4 (=7 (1= 1 ) A =D+7 (he) (17b)
p P ) toge{-n, kb
51*—1(}”—1)“22:1@; la[~(a)

Proof of Lemma 3. As ¢} is k; partially pooling on the long side for histoty_1, ¥; (¢|V, hi—1,7}) =0

forqge {1,--- k" —1}. Nowletq € {k/",...,n}. The equilibrium definition imposes that:
Q[V —Wzk(ht_qu)] = Z[V _W:(ht—lvi)]v Vie {kf,...,n}, (188.)
Q[V —W:(ht—laQ)] > /L[V _W:(htfl)i)]’ Vi € {0’15 ’k:j - 1} (18b)

Following (2) and (18a),
i 5;;(ht—17 Q) . +
- = ——= Viedk",...,n}
¢ = Sy S
The equation above, (1), and Proposition 1 together im@lyftri € {k,",...,n}
(1 =61 (he—1)) o |y (qlv’ht_l’ﬂt)qu(q) = (Voher,m) | = (L —p) (1= 5 (7). (19)

Summing the left- and right- hand sides of (19) ovey {k;",...,n} \ {q}, we obtain:

n

<15:1<ht1>>u[w:<qv,ht1,n:> yohl s w:<iv,ht1,w:>}

i=k i#q () i=k; itq

= - Y A=y (20)

q
i=ki#q
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Replacingd ", ;. ¥ (i|V, b1, 77) with 1 — <7 (q|V, he—1, 7)) and rearranging the terms in (20) yields:

n

G-w Y (1 - q) A0) + (L= 5y ()

gt
i=k,

(1= 5yt 3 20

S0

Vi (alV her,mf) =

Hence, Equation (17a) is obtained. Equation (17b) can kedradat in a similar fashiori]

Proof of Proposition 3. (a) Suppose); is k;~ partially pooling on the long side for history, ;. This
meansy; (q|V, hy_1, 7)) > 0for g € {k;,...,n} andw} (q|V, hy_1,7;) = 0 forq & {k/,...,n}. Hence,
following Lemma 3, the inequalities (4a) and (4b) must hold.
Now suppose the inequalities (4a) and (4b) hold. Followihgdrem 2, there exists somi&such that
¥y is K partially pooling on the long side for histohy_;. From Lemma 3, we have:
0 coqef{l,- K -1}
aVihenm) = § (0= 0) Y (1= £)26) + (L= 07 (o)) g

(1= 07y (he1)) 327 K(Z()

As ¢ is K partially pooling on the long side far,_;, it must be true that:

qe{}'(7 7n}

=Y (1= )10+ 0= > o

1=K

(=) Y (1= g 90+ Q= Bl < o

i=K—1
Since the inequalities (4a) and (4b) hold, we haye= K. This proves that; is k; partially pooling on
the long side for history;_ .

(b) The proof is similar to that of (a]]

Proof of Lemma 1. Suppose to the contrary that there existskfioc Q) that satisfies (4a)-(4b). Then

either

=3 (1= )2+ (0 < 0. g€ (1) (21)
or

1-n) Y (1= ) a0+ -G > 0 Ve L) (@)
3 1
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Inequality (21) cannot hold since:

n

(=03 (1= 2) 90 + 4 =3 alhln = (=3 sl > 0

i=n

Also,

(=03 (1= ) 260+ (1 =3 alhnn = —ox,

i=0
and hence inequality (22) cannot hold, either. Therefoegumlities (4a)-(4b) must be satisfied by some

ket

Similar arguments imply that inequalities (4c)-(4d) ares$ied by some;; € Q;f. O

Proof of Lemma 2. Suppose to the contrary that inequalities (4a)-(4b) aiisfmat by bothg € Q;F and

q' € Q. Without loss of generality, assume tlat- ¢’. Then:

n

1-mY (1 - q—) A0) + (1= 87y (o)

/

< a-m 3 (1= 5) 20+ 1= 3 s(hinhn
<a-n 3 (1 - 1) 2(0) + (1= 67y (1)
< 0, (23)

where the last inequality follows from the assumption thaatisfies (4b). However (23) violates the
assumption that’ satisfies (4a). This proves that inequalities (4a)-(4b)trbessatisfied, if at all, by a
uniquek;” € Q..

Similar arguments imply that inequalities (4c)-(4d) ares$ied, if at all, by a uniqué;, € Q;}. O
Proof of Proposition 7. (a) Let (10a) hold ang, be from the domaidk;", ..., n}. Assume to the contrary

thatk; 1 > ki Sincewyf, ; is kqy1 partially pooling on the long side for histody, = (h;—1,¢;), from

Proposition 3 we have:

1-n 3 (1— - >v<i>+<1—5z<ht1,qt>>u <o. (24)
-1
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As ki1 > ky, from (24) we obtain:

(-0 3 (1= )10+ 0= G hsa)n < 0 (25)

ki —1
i=k; —1 ¢

Sincey; is k; partially pooling on the long side fdr,_1, by Proposition 3, the inequalities (4a)- (4b) also
hold. (4a) and (25) together yield:

n

<1u>{i (1—%)%@— ) (1@2'1)%@] S (G (o) = 6 (et @)

i=k; i=k}—1

Given thatg; € {k;",...,n}, The inequality above, (1), and Proposition 1 imply:

n

Z iv(@) > 07—y (he—1) — 6f (he-1, 1)) (26)

i=k;

(1—n)
pkf (kb —1)

N (1_M)Z?:kt+ (1_£)’Y(Z‘)+(1—6t71(htfl))u
- 5t_1 (1—-p) Z?:k:- Y(@)+A=b¢—1(he—1))p :

(26) contradicts (10a). Therefore, it must hold that; < k;.

(b) The proof is similar to that of (a)

Proof of Theorem 8. Let H., denote the sigma field generated by all the possible histarg We
consider the market-maker’s equilibrium belief as a stetibgprocess, which we denote Ry; : ¢ =
1,...,T}. Following a theorem in Fristedt and Gray (1996, Theorem.3482), there exists a unique
distribution overd, conditional on(dy,--- ,d;—1). Therefore, the collection of probability distributions
{6; : t =1,...,T} and the probability spadg);°, H,, P) are well-defined. Notice tha is a martingale
with respect to the market-maker’s information set. By thatingale convergence theoredip,converges
almost surely to a random variabie Next we prove that = 0if v = V andd = 1if v = 0. Letv = V

and suppose to the contrary that there exists a perend histories; such that for alt >
Pr(h : [0:(h) —p|l > €) = 0 (27)

for somep € (0,1] and arbitrary smalt. Following Theorem 2, for alt > 7 there exists somg;" such

that informed traders’ equilibrium trading strategy is k,~ partially pooling on the long side for history
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i_1. By (1), if a trade larger thah ",  (h.) realizes in period+ + 1), the market-maker’s belief.
deviates from the interval dp — €, p + ¢]. Formally,
Pr(heyy |61 (eyy) = pl > €) = Pr(hl : [5-(h) —p| <€) (M + ) fm')) > 0,
i=k (b))
which contradicts with (27). Therefore, it must hold that 0. It can be similarly shown that = 1 if

v=0.0
Proof of Proposition 9. From (1), (2), and Lemma 3, we have:

S;(ht—l,Q) = (28)
= (0¢(ht—1, —Q) - 5t(ht—17Q)) Vv

= 5;1(}11‘/71) Vv

i (=ql0he—1, 7 ) +(1—p)v(=q) _ A—p)v(@)
07 (he—1) pf (—ql0,hs 1,7} )+(1—p)v(—q) p (1=07_ (ht—1)) ¥ (q|Viht—1,77)+(1—p)v(q)

= 6 (he—1) (L =61 (he—1)) uV

A= g (@ Vihe—1, 7 )=+ (=al0,he—1, 7))y (@] +p Y7 (@l Vihe—1,77) 7 (=ql0,he—1,77)
(=671 (he—1)) poF (@l Viho—1,m )+ (1—=p) ¥(q) ) (871 (he—1) iy (—ql0,he— 1,77 )+(1—p) v(—q))

If 1 < q<min{k, ,k'}, theny; (q|V, hy_1,7}) = ¥} (—q|0, hy—1,7}) = 0 and consequently (28) yields
Si(hi-1,q) = 0. If min{k; &'} < q < n, thenmax {v; ¢V he—1,77), 67 (—q|0, he—1,77)} > O;
hence (28) yields; (hi—1,q) > 0.

On the other hand, it} (h:—1,q) = 0, then following (28) it must hold that; (¢|V, hy—1,7}) =
¥ (—q|0, hy_1, ) = 0 and this together with Lemma 3 impliés< ¢ < min{k; , k;"}. If S} (hi_1,q) >
0, then following (28) it must hold thahax {v; (¢|V, hi—1, 7} ), ¥y (—¢q|0, he—1, /) } > 0, which together

with Lemma 3 impliesnin{k; , k" } < ¢ <n.O
Proof of Proposition 11. The result immediately follows from (28) and Theoreni8.

Proof of Proposition 12. From Lemma 3 and (28), we have:

18 () TS (175 )48 ()
67 _1(ht—1) (1-p) Z?:k; Y(=)+0;_ 1 (he—1) p

Si(hi—1,9) = 07 1(he—1)V (29)

(1—u>z;;kt+(1—§)w<i>+(1—a:,1<ht71)>u
(=) 27 YO+ (=07 (o))
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whenevelg > max{k; , k;” }. The resultimmediately follows from (29)]

Proof of Remark 13. From Lemma (3), we have:

lim ¢y (q|V,hi—1,77) = 0 Vqe {k;", ey}, (30a)
7(q)—0

(li)mowf(q](),ht_l,wf) = 0 VYge{—n,..,—k }. (30b)
v(q)—

Results listed in (a) and (b) of the remark immediately folfoom (30a) and (30b), respectivelyl

Proof of Proposition 14. Define

n n n n
A=Y (=i), Bp= ) in(—i), Af =) 46), Bfi=)> iv(i), t=1,.,T.
i=k; i=k; i=k; i=k;

Letq € {max{k; k' k. 1,k },....n}. Also, letq; € {—n,...,—k; }. It follows from (29), (1),

and Lemma 3 that:

(1- A7 — S8 465 (hya )

(1= Ay + 671 (hi—1)p
_ +
(1= pAf — 0P 4 (15t (b))
(1= ) Af + (1 =671 (he1))m ’
S:—i—l(ht—lv qt, Q) =V (31b)

(1-w)A7,  — (=mBiiy (1 (1=67 1 (h4—1) (A=) By >

Sf(hi—1,q) = V((l— t1(hi-1)) (31a)

+0;_1(ht—1)

a lae| (=) A, +6F_ (hy_1)n)

=8 ()W) B
lge(L—p) AL +85_ 1 (hg_1)R)

(1_6;71(]%—1))(1_“)315_
lae| (L—p) Ay +07_ 1 (he—1)p)

(1H)AH_1+<1

(1-w B} (1=67_(hy—1)(1—w) B,
1— AT — t+1 4 t—1 t
(11— (1=6;_1(he—1))(A—p)B; (= Ar a e | (1—m) A +67_1 (hy_pr) )
lge| (L=p) Ay 467 (he—1)n) (-par, | (%t -wBy '

LT gl ((-m) Ay +67_ (he—1)w)

Using (31a)-(31b) and L'Hdpital's Rule, we obtain:

B,
li * he . Qx* hy = - d :
uLHll (St+1( t—1,dt, Q) St ( t—1, q)) 4 (1=6; 1 (he—1))B, <!

+
A+ lgt[07_q (he—1)
ThereforeSy, | (hi—1,q:,q9) < Sf(ht—1,q) for sufficiently largep.

The proof is similar fory, € {k;",...,n}. O
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Proof of Proposition 15. Let ¢ € {max{k; ,k;", k1, k\1},...,n}. Also, letq € {—n,...,—k; }.

Equations (31a) and (31b) imply that:

}LL’H%) (S;(Jrl(htfla qt, Q) - S;,k(htfla Q)) =

+
t+1

)

_ oy A8y (o)) AT By (A B = AT By ) Hael (120t (hee)) Ay By AT AL+ A Ay (87 (he-) AL, B — AT B
= dlar Ay A AT AL
+ g+
ThereforeS;, | (h¢—1,q:,q9) > S;(hi—1,q) for sufficiently smalli: provided thats;_; (hs—1) > %
t+15t
and (12a) holds. This proves (a).
The proof for (b) is similar to that of (a).]
Proof of Proposition 16. Using (1), (2), and Lemma 3, we derive the following:
cifqg{-n,...,~k yU{k, .. n}, then:
If (hi-1,9) = 0; (32a)

- if g€ {kf,...,n}, then:

. (=) 227, +i7()
I (hi-1,9) = 64 (he-1)V | 1= ‘ ; (32b)
| =W T A 1=07 (ei))

- if g e {—n,..,—k; }, then:

If(hi-1,q9) = 6;_1(he—1)V (32c)
(1= A= e ) 27, (18 )2+ () 7 (D)) s () )
St e) (1) 7 (-i)+51-1 () )

The results immediately follow from (32a), (32b), and (320)
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